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�ƷǈƃǉĵŦ�°ǃŭư ţƨ�2 2sin x ±¦��¾Â¦�ũƵƹŴ�Â®�°®
 2 1 1 02sin (sin ) (sin )x x x− − − =  

�ƷǈƃǉĵŦ�°ǃŭư ţƨ� sin x−1±¦�ǐţŸ
 (sin )( sin ) sin sinx x x x− − = ⇒ = =1 2 1 0 1 1

2
2 2IÄ  

��ſǀ¦ǃż�ķƹƼ�¦° �ƻǈ¦ �¾¦śƈ�ƿư�Ʒǉƈ°�ķƸ� x k= +2 2π π §¦ǃŴ�ƿŦ � sin x =1 ±¦

�ķƨƃƘ�±¦�� sin x = ± 2
2 ®ǃƌ�ķƸ�ƿŵǉŭƼ�À¡�±¦�ƿư� sin

2 1
2x = ¹¦ƃƈ�ƷǈÂƃŦ

 sin sinx x k x k= = ⇒ = + = +2
2 4 2 4 2 3

4
π π π π πIÄ  

 sin sin( )x x k x k=− = − ⇒ = − = +2
2 4 2 4 2 5

4
π π π π πIÄ  

�ſǉƽǉŧŦ�Áƃǈ¦®�âÂ°�¦°�ţǀ�§¦ǃŴ�ƻǈ¦�âţŴ

 
¿ƃƨ �°® �À¦ǃŬ�ķƸ �¦° �ƿŭƈ® �°ţǁĪ �ƻǈ¦ �ƇĢ ��ſƽŭƉǀ � π4 ®ƃƨ �§°ţƕƸ �ţǀ�ƻǈ¦

�®ƃư�ƿƐǑż� ( )2 1 4k+ π

æééë  ç
ķƹư�� sin sin cos2 2α α α= Â�1 2 2− =sin cosx x âţǀ®ţŹŬ¦�±¦�Á®ţƩŭƈ¦�ţŦ 

 sin sin sin2 4 1 2x x x⋅ = − ��Ʒǉƽư�ķƸ�ƃŬ�Á®ţƈ�¦°�ƿƴ®ţơƸ
⇒ =( sin cos )( sin cos x) cos2 2 2 2 2x x x x  
⇒ =( sin cos )( ( sin cos )cos x) cos2 2 2 2 2x x x x x  

⇒ − =8 2 02 2 2sin cos cos cosx x x x  
⇒ − =cos ( sin cos x )2 28 2 1 0x x  

⇒
= ⇒ = ⇒ = +
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sin cos
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0 0 2
8 2 1 0

x x x k

x x
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:1 2 2− sin x Ʒǈ°¦ƁĴ�ķƸ� cos2x âţŴ�ƿŦ�¿Â®�ũƴ®ţơƸ�°®
 8 1 2 1 0 8 1 2 1 02 2 2
sin ( sin ) ( )sinx x t tx t− − = ⎯ →⎯⎯ − − ==  

⇒ − + = ⇒ − = ⇒ =16 8 1 0 4 1 0 1
4

2 2t t t t( )  

⇒ = = ⇒ =sin ( ) sin sin2 2 2 21
4

1
2 6x x

π  

 x k= ±π π
6 ��ƇĢ�� u k= ±π α ÁţĴ�À¡�� sin sin2 2u = α ƃĴ ¦�ÅǑư

�Ũƃǈ¦® �âÂ° � x k= ±π π
6 Â � x k= +π π

2 âţǈ¦Â± �ƿŦ �¶ǃŦƃƸ �Àţƹư �âţǁŭƼ¦
�ūƈ¦�ƳŦţƭƸ�©°ǃƐ�ƿŦ�ķŬţűƵűƸ

 

�ſƼǃƌ�ķƸ�ſǉƴǃŬ� ( )2 1 6k+ π ķƵư�§¦ǃŴ�ƗƈǃŬ�Ɨƭƨ�ţǀ�§¦ǃŴ�ƻǈ¦

æéæééëéëç

æééì �ƷǉƸţƼ�ķƸ � a ũƙƭƼ �ķĵǈţƉƹǀ �įǈ �¦° � a ƳƸţƌ �±ţŦ �Ũ±ţŦ �ƃǀ �ÅǑư �ç
�ƿŭƌ¦® �ſǈţŦ ��ſƌţŦ �2 3m− ®ſƠ �ķĵǈţƉƹǀ �ſǀ¦ǃŽŦ � ( , )−1 7 Ũ±ţŦ �ƃĴ ¦ �ƇĢ
 2 3 1 7 1 2 3 7m m− ∈ − ⇒ − < − <( , ) ���ƷǉƌţŦ
⇒ < < ⇒ < <2 2 10 1 5m m  

æééí âţǀ�ƿƍǈ°��ÀţƸ°ţư�ƃǉĴ��Ʒǉƽư�ƳŸ�¦°� 6 35 02x x+ − < ũƴ®ţơƸţƼ�ſǈţŦ �æ
�°®�ƿư�ķƌÂ°�ţŦ ��Ʒǉƽư�¦ſǉĢ�¦°�ţǀ�À¡�ƿǈƅŵŬ�ţǈ �ţŭƴ®�³Â°�ţŦ �ƷǉƼ¦ǃŬ�ķƸ�ƿư�ūƈ¦�

�®ǃƌ�ķƸ�ķƵƱƌ�ƻǈ¦��ƷǈſƵŦ�ƿǈƅŵŬ

6 35 210 15 142 2x x x x x x+ − ⎯ →⎯ + − ⎯ →⎯ + −

×

®ÄkLU ¾Äq\U
( )( )  

®ÄkLU⎯ →⎯ + −(x )( x )
15
6 6 14  

�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�ǐţŸ��ſƽŭƉǀ� x = =14
6

7
3 Â� x = − = −15

6
5
2 �ţǀ�ƿƍǈ°

 6 35 0 5
2

7
3

2x x x+ − < ⇒ − < <  

�ţŬ�ê�ťż��®°¦®�®ǃŴÂ�ŷǉŹƐ�®ſƠ�ſƽĪ�ǐţŦ�ũƵƐţƨ�°®�ƷǉƽǉŧŦ�Ʒǉǀ¦ǃż�ķƸ
 x = ± ±0 1 2, ,  

æééî �ūŧűƸ �ſǈţŦ �ƇĢ ��Áſƌ �ƃŬ�á°ƅŦ �ƫƵƙƸ°ſƬ �įǈ �±¦ � x  �¾Â¦ �³Â°  æ
®ǃƌ�ķƸ�ƿŵǉŭƼ� | |u a< ±¦��ūƈ¦� a > 0ķŭƬÂ�ÅǑư�ķƨƃƘ�±¦�� x > 0ķƽơǈ��ſƌţŦ

�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�Ʒǀ�ţŴ�ƻǈ¦�°®�� − < <a u a

 | |2 2x m x x x m x− < ⇒ − < − <  
�Ʒǉƽư�ķƸ�ƳŸ�¦ſŴ�¦°�ƿƴ®ţơƸţƼ�Â®

 − < − ⇒ <

− < ⇒ <

⎧
⎨
⎪

⎩⎪
⎯ →⎯⎯ < <

x x m
m

x

x m x x m

m
x m

2 3
2 3

¥HoT{H  

�ūƈ¦�ŷƔ¦Â��ūƈ¦� ( , )
m
m3 Ũ±ţŦ ��¾¦śƈ�©°ǃƐ�°®�ƃƝƼ�®°ǃƸ�ķĵǈţƉƹǀ�ƇĢ

�ƻǈ¦�ÀÂ°®�2 1m− ƿŭƩĴ�¾¦śƈ��®ǃŦ�ſǀ¦ǃż�ķǁŬ�Á±ţŦ �ƻǈ¦��ſƌţŦ�m ≤ 0 ƃĴ ¦ �ƿư
�ſƌţŦ�Á±ţŦ

 2 1 3 3 2 1m
m
m

m
m m− ∈ ⇒ < − <( , )  

�Ʒǉƽư�ķƸ�ƳŸ�ƿƼţĴ ¦ſŴ�¦°�ƿƴ®ţơƸţƼ�Â®�Ʒǀ�±ţŦ

 
m m m m m

m m m
3 2 1 6 3 3

5
2 1 1

3< − ⎯ →⎯ < − ⇒ <

− < ⇒ <

⎧
⎨
⎪

⎩⎪

×
 

 . 35 1< <m ®ǃƌ�ķƸ��ǐţŦ�âţǀ�»ƃŸ�à ¦ƃŭƌ¦
�âţǀx�âţŴ�ƿŦ�ƇĢ��ſƽư�¼ſƐ�Áſƌ�Á®¦®�ũƴ®ţơƸţƼ�°®�ſǈţŦ�2 1m− �¿Â®�³Â°

:2 1m− Ʒǉǀ®�ķƸ�°¦ƃƬ�ƿƴ®ţơƸţƼ
| | | ( ) |2 2 2 1 2 12 1x m x m m mx m− < ⎯ →⎯⎯ − − < −= −  
⇒ − < −| |3 2 2 1m m  

�ſƌţŦ�ūŧűƸ�ſǈţŦ�ƇĢ��Áſƌ�ƃŬ�á°ƅŦ�ƫƵƙƸ°ſƬ�įǈ�±¦�2 1m−

2 1 0 1
2m m− > ⇒ >  
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�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�ǐţŸ
− − < − < − ⎯ →⎯ − + < < ++( )2 1 3 2 2 1 2 3 3 2 12m m m m m m  

�Ʒǉƽư�ƳŸ�ƿƼţĴ ¦ſŴ�¦°�ƿƴ®ţơƸţƼ�Â®

− + < ⇒ < < + ⇒ <2 3 3 3
5 3 2 1 1m m m m m m,  

. 35 1< <m ®ǃƌ�ķƸ��ǐţŦ�âţǀ�»ƃŸ�¿ţƹŬ�à ¦ƃŭƌ¦
æéêå �ūƈ¦�ƻǈ¦��ƿƴ®ţơƸţƼ�ƳŸ�â¦ƃŦ�§ǃż�Á¦°�įǈ �ç

 | | | |
| |

| |
2 1 1 2 1 1 2 1 1− < ⇒ − < ⇒ − <
x

x

x

x

x
 

�Ʒǉƽư�ķƸ�§ƃƔ� | |x ūŧűƸ�©°ţŧƠ�°®�¦°�»ƃƘ�Â®�� x ≠ 0¶ƃƌ�ţŦ
 | x | | |2 1− < x  

�Ʒǈ°¦®�ÅǑư
 0 0 02 2 2 2< < ⇒ < ⇒ − < ⇒ − + <a b a b a b a b a b( )( )  

�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�� b x= Â� a x= −2 1µƃƨ�ţŦ�ƇĢ
 ( )( ) ( )( )2 1 2 1 0 1 3 1 0 1

3 1x x x x x x x− − − + < ⇒ − − < ⇒ < <  

�ƃƝƼ�®°ǃƸ�ķĵǈţƉƹǀ�ƿư�ƻǈ¦�ƿƐǑż��ſƽư�ķƹƼ�µǃƠ�¦°�âƅǉĪ�Ʒǀ� x ≠ 0¶ƃƌ

�ſƌţŦ�Á±ţŦ�ƻǈ¦�ÀÂ°®� m6 1− Ʒǉǀ¦ǃż�ķƸ��ūƈ¦� ( , )1
3 1 Ũ±ţŦ��¾¦śƈ�©°ǃƐ�°®

 m m
m6 1 1

3 1 1
3 6 1 1 2 6 66− ∈ ⇒ < − < ⎯ →⎯ < − <×( , )  

 ⇒ < <8 12m  
æéêæ �Ʒǉƽư�ķƸ�ķƈ°ƃŦ�ƿƼţĴ ¦ſŴ�¦°�ūƴţŸ�Â®�� | |2x x b− < ũƴ®ţơƸţƼ�ƳŸ�â¦ƃŦ �è

�Ʒǈ°¦®�Â� | |2 2x x= �©°ǃƐ�ƻǈ¦�°®�� x ≥ 0 �¾Â¦�ūƴţŸ
 2x x b x b− < ⇒ <  
 0≤ <x b ���®ǃƌ�ķƸ�� x ≥ 0 ţŦ�À¡�à ¦ƃŭƌ¦�ƿư

�Ʒǈ°¦®�Â� | |2 2x x= − �©°ǃƐ�ƻǈ¦�°®�� x < 0 �¿Â®�ūƴţŸ

 − − < ⇒ − < ⇒ − <2 3 3x x b b x
b
x  

 − < <b
x3 0  �®ǃƌ�ķƸ�� x < 0 ţŦ�À¡�à ¦ƃŭƌ¦�ƿư

Ũ±ţŦ�ķƽơǈ��ſƼţƈ°�ķƸ� − < <b
x b3 ƿŦ�¦°�ţƸ��ÁſƸ¡�ūƈ®�ƿŦ�ũƵƐţƨ�Â®�¸ţƹŭŴ¦

�¾¦śƈ��®ǃŦ �ſǀ¦ǃż�ķǁŬ�Á±ţŦ �ƻǈ¦ ��ſƌţŦ � b ≤ 0 ƃĴ ¦ �ƿư�ūƈ¦�ŷƔ¦Â�� ( , )− b b3
��ſƌţŦ �ƿŭƌ¦® �®ǃŴÂ �Á±ţŦ �ƻǈ¦ �°® �ŷǉŹƐ �®ſƠ �è �ſǀ¦ǃż�ķƸ �Â � b > 0 ƿŭƩĴ �Ʒǀ

�°®�ŷǉŹƐ�®ſƠ�įǈ�Ɨƭƨ�ƿư�ſǈ¡�ķƸ�ūƈ®�ƿŦ� ( , )− 1
3 1 Ũ±ţŦ ��ſƌţŦ � b =1ƃĴ ¦

 ( , )− 2
3 2 Ũ±ţŦ ��ſƌţŦ � b =2 ƃĴ ¦ ��Ʒǉǀ¦ǃż�ķƹƼ �¦° �ƻǈ¦ �ţƸ �Â � ( )x = 0 ®°¦® �®ǃż

�¦° �ƻǈ¦ �Â  ( , )x = 0 1 ®°¦® �®ǃż �°® �ŷǉŹƐ �®ſƠ �Â® �Ɨƭƨ �ƿư �ſǈ¡�ķƸ �ūƈ® �ƿŦ
�®ſƠ�ƿƈ�ƿư�ſǈ¡�ķƸ�ūƈ®�ƿŦ� ( , )−1 3 Ũ±ţŦ��ſƌţŦ� b = 3 ƃĴ ¦��Ʒǉǀ¦ǃż�ķƹƼ�Ʒǀ
ƿŭƩĵƼ�ƿư�¾¦śƈ�ţƸ¦��ūƈ¦�§ǃƵƙƸ�ţƸ�â¦ƃŦ�Â� ( , , )x = 0 1 2 ®°¦®�®ǃż�°®�ŷǉŹƐ
��Ʒǉƈ°�ķƸ�Àţƹƨſǀ�ƿŦ��ſƌţŦ�2 3< ≤b ƃĴ ¦�ƟƬ¦Â�°®��ūƈ¦�ķơǉŧƘ�â®ſƠ� b

�ūƈ¦�è�âÂţƉƸ� b °¦ſƭƸ�ƃűư ¦ſŸ�ƇĢ

æéæéêåêåç

æéæéêæêæè

æéêç �ſƌţŧƼ�ƃƩƐ��«ƃŽƸ�ÅţƩƙƴ �è
 ( ) ( ) | | ,x x x x x− − = − − ≠ ⇒ ≠ ±2 9 2 9 0 2 32 2 2  

�ſƌţŧƼ�ķƩƽƸ�Ʒǀ�¾ţƱǈ®¦°�ƃǈ±
 9 0 9 3 3 32 2− ≥ ⇒ ≤ ⇒ ≤ ⇒ − ≤ ≤x x x x| |  

�®ǃƌ�ķƸ��ǐţŦ�âţǀ�»ƃŸ�à ¦ƃŭƌ¦
 − < < ≠ ⇒ = − −3 3 2 3 3 2x x Df, ( , ) { }  

���ƷǉƽǉŧŦ�®¦ſƠ¦�°ǃŹƸ�âÂ°�¦°�ƿƠǃƹŵƸ�ƻǈ¦�ƋǈţƹƼ

ťż��ſƌţŦ�À¡�ǃƕƠ� 5 ƿư�ƷǉƍƱŦ�ÀÂƃǉŦ�â±ţŦ�Ũ±ţŦ��ǐţŦ�ũƠǃƹŵƸ�¾®�±¦�ſǈţŦ
��ūƈ¦ � ( , )2 3 �Ʒǉƽư �§ţŽŭƼ¦ �ƷǉƼ¦ǃŬ�ķƸ �ƿư �â¦�Á±ţŦ �ƻǈƃŬ�á°ƅŦ �Â �2 5 3< <

. 3 2 1− = ţŦ�ūƈ¦�ƃŦ¦ƃŦ�Á±ţŦ�ƻǈ¦�¾ǃƘ

æéêè �ƇĢ��ſƌţŦ�ūŧűƸ�ſǈţŦ�Ʒǀ� 1
2 5n− �ūƈ¦�ūŧűƸ� 1

9n+ ÀǃĪ �ç
 2 5 0 5

2n n− > ⇒ >  
�ſƌţŦ�ķĵǈţƉƹǀ�ǃƕƠ� 110 Ʒǉǀ¦ǃż�ķƸ

 110
1
9

1
2 5

1
9

1
10

1
2 5∈ + − ⇒ + < < −( , )

n n n n
 

�®ǃƌ�ķƸ�µǃƠ�âÂţƉƸţƼ�ūǁŴ��ƻǉƨƃƘ�À®ƃư�²ǃƱơƸ�ţŦ�Â�ſƼ¦�ūŧűƸ�»ƃƘ�ƿƈ�ƃǀ
 n n+ > > −9 10 2 5  

�Ʒǉƽư�ķƸ�¦ſŴ�¦°�ţǀ�ƿƴ®ţơƸţƼ

 
n n

n n
n

+ > ⇒ >

> − ⇒ <

⎧
⎨
⎪

⎩⎪
⎯ →⎯⎯ < <

9 10 1

10 2 5 15
2

1 15
2

¥HoT{H  

�ƻƱƹƸ�ƃǈ®ţƭƸ��ūƈ¦�ķơǉŧƘ� n ÀǃĪ�ǐţŸ�� 52
15
2< <n ƇĢ�� 52 < n ƷǉŭƩĴ

 n = 3 4 5 6 7, , , ,  ��®ǃƌ�ķƸ�ţŬ�ųƽĢ�ƻǈ¦�� n â¦ƃŦ

æéêé ��Ʒǉƽư�»ƁŸ�¦°� a ®ǃż��� a ƳƸţƌ�±ţŦ�Ũ±ţŦ�� a ķĵǈţƉƹǀ�įǈ�±¦�ƃĴ ¦ �è
 a = 0â¦ƃŦ �ƿƽǈƅĴ �¿¦ſư �ƷǉƽǉŧŦ ��ſǈ¡�ķƸ �ūƈ® �ƿŦ � a »ÂƁŹƸ �ķĵǈţƉƹǀ �įǈ

�ūƉǉƼ�ƻǉƽĪ
�ķĵǈţƉƹǀ�®ǃƌ�ķƸ� ( , ) { }− −2 5 0 Â�ūƈ¦�ƃƩƐ�ķĵǈţƉƹǀ� ( , )−2 5 �ūƉǀ��æ

�À¡�»ÂƁŹƸ
�»ƁŸ�À¡�±¦ �¦° �ƃƩƐ�®ǃż�ķŭƬÂ�ƿư�ūƈ¦�ƃƩƐ�ķĵǈţƉƹǀ� ( , )−1 7 �ūƉǀ��ç
 ( , ) { } ( , ) ( , )− − = −1 7 0 1 0 0 7* ���®ǃƌ�ķƸ��Ʒǉƽư�ķƸ

 0 1≤ <x ķƽơǈ �� x ≠ 0 Â �[ ]x = 0 ®ǃƌ�ķƸ �ƿŵǉŭƼ � |[ ]|x
x

= 0 ±¦ ��ūƉǉƼ ��è

 ( , )0 1 Â �®ǃƌ�ķƹƼ �§ǃƉŹƸ � x = 0ķĵǈţƉƹǀ �[ , )0 1 Ũ±ţŦ �ťż �� x ≠ 0 Â
�ūƉǉƼ� x = 0»ÂƁŹƸ�ķĵǈţƉƹǀ

®ǃƌ�ķƸ�ƿŵǉŭƼ� 1 1
| |x

> ±¦�ǐţŸ��ſƌţŦ� x ≠ 0 ſǈţŦ�� 1
| |x
®ǃŴÂ�â¦ƃŦ��ūƉǀ��é

��ūƈ¦� x ≠ 0 Â� − < <1 1x ¾®ţơƸ� 1 1
| |x

> ƇĢ�� − < <1 1x ķƽơǈ�� | x |<1

»ÂƁŹƸ �ķĵǈţƉƹǀ �įǈ �ƿư �Ʒǈ¦�Á®ƃư �»ƁŸ �¦° �ƃƩƐ �� ( , )−1 1 Ũ±ţŦ �±¦ ��ƟƬ¦Â �°®
�®ǃƌ�ķƸ�§ǃƉŹƸ� x = 0

æéæéêçêçè
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æéêê �¾ţƹư�ţŦ�ƿư�ūƈ¦�è�ķĵǈţƉƹǀ�įǈ� ( , )3 7 5a a− + Ũ±ţŦ��ƟƬ¦Â�°® �é
�ƷǉƌţŦ�ƿŭƌ¦®�ſǈţŦ�ƇĢ��Ʒǈ¦�Á®ƃư�»ƁŸ�À¡�±¦�¦°�è�®ǃż��¿¦ƃŭŸ¦

 3 7 3 5a a− < < +  
�ƷǈƃǉĴ�ķƸ�à ¦ƃŭƌ¦�ţǀ�À¡�ƻǉŦ�Â�Á®ƃư�ƳŸ�ƿƼţĴ ¦ſŴ�¦°�ƿƴ®ţơƸţƼ�Â®

 3 7 3 10
3

3 5 2 2 10
3

a a

a a
a

− < ⇒ <

< + ⇒ − <

⎧
⎨
⎪

⎩⎪
⎯ →⎯⎯ − < <¥HoT{H  

æéêë �ķƩƽƸţƼ��¾ţƱǈ®¦°�ƃǈ± �ç
 4 0 4 2 22 2− ≥ ⇒ ≤ ⇒ − ≤ ≤x x x  

�ķƨƃƘ�±¦��ſƌţŧƼ�ƃƩƐ�Ʒǀ�«ƃŽƸ
 x x x x x x([ ] ) [ ]− = ⇒ = = ⇒ = ≤ <1 0 0 1 0 1 2IÄ IÄ  
�¦°�ƟŦţŬ�ũƽƸ¦®��ţǀ�»ƃŸ�ƻǈ¦�à ¦ƃŭƌ¦�� x∉[ , )1 2 Â� x ≠ 0 ƷǉǈǃĵŦ�ūƈ¦�¿±ǐ�ƇĢ

���ſǀ®�ķƸ
 Df = −[ , ) ( , ) { }2 0 0 1 2* *  
�ķĵǈţƉƹǀ�ĩǉǀ�°®�ķƴÂ�ƷǉƌţŦ�Áſƌ�ƧǈƃơŬ�ƿƙƭƼ�įǈ�»ÂƁŹƸ�ķĵǈţƉƹǀ�°®�ƿư�ƻǈ¦
�Á°ţƌ¦�ķĵǈţƉƹǀ�¾®�±¦�Áſƌ�»ƁŸ�¶ţƭƼ�Àţƹǀ�ƿŦ��ƷǉƌţŦ�ÁſƍƼ�ƧǈƃơŬ�ƿƙƭƼ�À¡�±¦
�®°¦®�¦°�ķĴĭǈÂ�ƻǈ¦� x = 0 �ǐţŦ�ƋǈţƹƼ�°®��Á±ţŦ�įǈ�ƗƈÂ�¦°ǃƈ�ķƽơǈ��ſƽư�ķƸ

æéêì ƷǉǈǃĵŦ�ƿư�ūƈ¦�ƻǈ¦�2 2x x< | | ũƴ®ţơƸţƼ�ƳŸ�â¦ƃŦ�§ǃż�Á¦°�įǈ �è

�ūƈ¦� | |x 2 Àţƹǀ� x2

 2 2 0 2 1 02 2| | | | | | | | | | ( | x | )x x x x x< ⇒ − < ⇒ − <  

�®ǃƍƼ�ƃƩƐ�ūƈ¦�ķƨţư�ţŴ�ƻǈ¦�°®�Â� | |x ≥ 0 �ūƈ¦�ķƩƽƸţƼ�ƿƍǉƹǀ�ƿư� | |x
 | |x x≠ ⇒ ≠0 0  
ǐţŸ��®ǃƌ�ķƸ�§¦ƃż�°ţư�Â�ſƽư�ķƸ�ƃƩƐ�¦°�ƿƴ®ţơƸţƼ�ġĪ�ūƹƈ� x = 0 �ƟƬ¦Â�°®

�ƷǉǈǃĵŦ�Â�Ʒǈ°¦ƁĵŦ�°ţƽư��®°¦ſƼ�ƃŰ¦�ūƸǑƠ�°®�ƿư�¦°� | |x
 2 1 0 1

2
1
2

1
2| | | |x x x− < ⇒ < ⇒ − < <  

 x∈ − −( , ) { }
1
2

1
2 0  ��ƟƬ¦Â�°®��ſƌţŦ� x ≠ 0 ſƌ�°¦ƃƬ�ţƸ¦

�ſƽŭƉǀ� x = 0»ÂƁŹƸ�ķĵǈţƉƹǀ�įǈ�Àţƍǈ¦
æéêí �ƿŦ�¦°�À¡�ƿư�ūƈ¦�ƻǈ¦� | |

x

x

−
− >3

2 1 1ũƴ®ţơƸţƼ�ƳŸ�â¦ƃŦ�§ǃż�Á¦°�įǈ �é

ūŧűƸ�©°ţŧƠ�°®�¦°�ƋƨƃƘ�Â®� x ≠ 1
2 ¶ƃƌ�ţŦ�Â�ƷǉƉǈǃƽŦ�

| |

| |

x

x

−
− >3

2 1 1ƳƱƌ

 | | | |x x− > −3 2 1 ���Ʒǉƽư�§ƃƔ� | |2 1x−

 a b a b a b a b a b> > ⇒ > ⇒ − > ⇒ − + >0 0 02 2 2 2 ( )( ) ���Ʒǈ°¦®�ÅǑư
�ƷǉƉǈǃƼ�ķƸ�� b x= −2 1 Â� a x= −3µƃƨ�ţŦ�ƇĢ

 ( )( ) ( )( )x x x x x x− − + − + − > ⇒ − − − >3 2 1 3 2 1 0 2 3 4 0  

 ⇒ + − < ⇒ − < <( )( )x x x2 3 4 0 2 4
3  

�ūƈ¦�ķƵƱƌ�ƻǈ¦��ƿƴ®ţơƸţƼ�§¦ǃŴ�ƿƠǃƹŵƸ�ƇĢ��ſƌţŦ� x ≠ 1
2 ƷǉŭƩĴ�ţƸ¦

 ( , ) { }− −2 4
3

1
2  

�ſƼ°¦®�®ǃż�°®�¦°� −1 0 1, , ŷǉŹƐ�®ſƠ�è�Â�ſƽŭƉǀ� x = 1
2 »ÂƁŹƸ�ķĵǈţƉƹǀ�Àţƍǈ¦

æéæéêêêêé

æéæéêëêëç

æéæéêìêìè

æéæéêíêíé

æéêî �®ǃƌ�ķƸ�ķƵƱƌ�ƻǈ¦�ƿƴ®ţơƸţƼ�� t x= [ ]µƃƨ�ţŦ �ç
 t t t t t2 4 3 1 3 0 1 3− + ⇒ − − < ⇒ < <( )( )  
.[ ]x =2ƷǉǈǃĵŦ�ſǈţŦ�ƇĢ���ūƉǉƼ�ŷǉŹƐ�®ſƠ�[ ]x ƃĵƸ�ţƸ¦��1 3< <[ ]x ķƽơǈ 
�Â® �Ʒǉǀ¦ǃż�ķƸ �� I= [ , )2 3 �¾¦śƈ �©°ǃƐ �ƿŦ �ƿŴǃŬ �ţŦ �Â �2 3≤ <x �ƟƬ¦Â �°®
�ƿŭƉŦ�Á±ţŦ�ÅǐÂ¦�ťż��®ǃƌ�»ÂƁŹƸ�ķĵǈţƉƹǀ�ţŬ�Ʒǉƽư�»ƁŸ�Á±ţŦ�ƻǈ¦�±¦�®ſƠ�ţŬ
�Ʒǉƽư �»ƁŸ � ( , )2 3 Ũ±ţŦ �±¦ �¦° �â®ſƠ �ÅţǉƼţŰ ��Ʒǉƽư �»ƁŸ �¦° � a =2ƇĢ��ſƌţŧƼ
ƿư � b ſƽƼţƸ �®ſƠ �ƃǀ �»ƁŸ �ţŦ ��ƷǉƈƃŦ �»ÂƁŹƸ �ķĵǈţƉƹǀ �ƿŦ �ķĵǈţƉƹǀ �±¦ �ţŬ

�Ʒǉƈ°�ķƸ�ÀţƹǈÂ±°¡�ƿŦ��2 3< <b

 2 3 2 3 4 52< < ⎯ →⎯ + < + < + ⎯ →⎯ < + <+ =b a a b a a ba a  
�ūƈ¦�ê�Â�é�ƻǉŦ�¿Â®�ũƽǈƅĴ�Ɨƭƨ

æéëå �ƇĢ�� lim ( )f x
x

=
→−

1
1

Â� lim ( )f x
x

=
→

2
1

�ƳƱƌ�ƿŦ�ƿŴǃŬ�ţŦ �ç

 lim ( ) lim ( ) ( )f x f x
x x

− = − = −
→ →−

3 2 3 1 1
1 1  

æéëæ Â � lim ( )f x
x

=
→ +

3
1

� f ( )1 2= ƷǉǈǃĵŦ �ƷǉƼ¦ǃŬ�ķƸ ��ƳƱƌ �âÂ° �±¦ �é
��ƇĢ�� lim ( )f x

x

=
→ −

1
1

 2 1 3 2 2 3 3 1 12
1 1

f f x f x
x x

( ) lim ( ) lim ( )+ − = × + × − =
→ →+ −  

æéëç �ķƴÂ�ƷǉƌţŦ�ƿŭƌ¦®�ūƈ¦°�Â�ġĪ�âţǀſŸ�ƿư�ūƈ¦�ƻǈ¦��¾¦śƈ�°ǃƝƽƸ �è
���é��ũƽǈƅĴ�°®��Ʒǈ°¦ſƼ�ūƈ¦°�ſŸ� x a= °®���æ��ũƽǈƅĴ�°®��ſƽƌţŧƼ�ƃŦ¦ƃŦ�Ʒǀ�ţŦ

��Ʒǈ°¦ſƼ�ūƈ¦°�Â�ġĪ
�ſƼ¦�âÂţƉƸ�Ʒǀ�ţŦ�Â�Ʒǈ°¦®�¦°�Â®�ƃǀ���ç��ũƽǈƅĴ�°®
�ſƽư�ķƸ�ƻǉƸřŬ�¦°�ţƸ�ũŭƈ¦ǃż���è��ũƽǈƅĴ�Ɨƭƨ

æéëè �ƷǉƍƱŦ�¦°� g x( ) °¦®ǃƹƼ�Ʒǈ°¦®�ſƑƬ�ţƸ¦��®ǃƍƼ�ÀţŬ°ÂţŦ�ſǈţƌ �æ

 g x f x

f x

f x

f x
f x

f x

f x
f x

( )
| ( ) |

( )

( )

( )
( )

( )

( )
( )

= =
= >

− = − <

⎧

⎨
⎪⎪

⎩
⎪
⎪

1 0

1 0
 

�Â �ūŦţŰ � g ƟŦţŬ �� ( ( ) )f x > 0 ūƈţǀ x °ǃŹƸ �âǐţŦ � f °¦®ǃƹƼ �ţŴ �ƃǀ �ķƽơǈ
ƟŦţŬ �� ( ( ) )f x < 0 ūƈţǀ x °ǃŹƸ �ƻǉǈţĢ � f °¦®ǃƹƼ �ţŴ �ƃǀ ��®ǃƌ�ķƸ�æ �âÂţƉƸ

 ( , )0 2 Â� ( , )−∞ −2 âţǀ�Á±ţŦ�°®�� f °¦®ǃƹƼ��®ǃƌ�ķƸ� −1âÂţƉƸ�Â�ūŦţŰ� g
��ūƈţǀ x °ǃŹƸ�ƻǉǈţĢ � ( , )2 + ∞ Â� ( , )−2 0 âţǀ�Á±ţŦ �°®�Â �ţǀ x °ǃŹƸ�âǐţŦ

: g °¦®ǃƹƼ�Ʒǀ�ƻǈ¦��ſǉǈţƸƃƩŦ�ťż

�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�ǐţŸ
 limg( ) limg(x) ( )

( )x x

x
→ → −+ −

− = − − = −
2 2

1 1 2  

æéæéêîêîç

æéæéëåëåç

æéæéëæëæé

æéæéëçëçè

æéæéëèëèæ
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æéëé �Â �� x ≥1ƿŦ �¶ǃŦƃƸ� �ķƽǉǈţĢ �ũƙŦţƔ�±¦ �� x =1°® �ūƈ¦° �ſŸ�â¦ƃŦ �ç
�Ʒǉƽư�ķƸ�Á®ţƩŭƈ¦�� x <1ƿŦ�¶ǃŦƃƸ��ķǈǐţŦ�ũƙŦţƔ�±¦�� x =1°®�ġĪ�ſŸ�â¦ƃŦ

 limf ( ) lim(x )
x x

x a a
→ →+ +

= + = +
1 1

2 2 1 2  

 limf ( ) lim(a )
x x

x x a
→ →− −

= − = −
1 1

1 1  

�ƇĢ� limf ( ) limf ( )
x x

x x
→ →+ −

− = −
1 1

1ƿŭƩĴ�¾¦śƈ

 ( ) ( )1 2 1 1 3+ − − = − ⇒ = −a a a  
æéëê  ( x < −2 ƿŦ�¶ǃŦƃƸ��ķǈǐţŦ�ũƙŦţƔ�±¦�� x = −2 °®�ġĪ�ſŸ�â¦ƃŦ �é

�Á®ţƩŭƈ¦�� x > −2 ƿŦ�¶ǃŦƃƸ��ķƽǉǈţĢ�ũƙŦţƔ�±¦�� x = −2 °®�ūƈ¦°�ſŸ�â¦ƃŦ�Â
 lim f (x) lim(x )

( ) ( )x x

a a
→ − → −− −

= + = +
2

2
2

4 ���Ʒǉƽư�ķƸ

 lim f (x) lim( x ) ( )
( ) ( )x x→ − → −+ +

= + = − + = −
2 2

3 4 3 2 4 2  

�ūƈ¦�ūƈ¦°�ſŸ�²ǃƱơƸ��ġĪ�ſŸ�ƿŭƩĴ�¾¦śƈ

 4 1
2 4 1

2 4 5+ = − ⇒ = − − = −a a /  

æéëë �°®�ūƈ¦°�Â�ġĪ�âţǀſŸ�ƿư�ūƈ¦�ƻǈ¦� x = −1°®�ſŸ�®ǃŴÂ�¶ƃƌ �è
��ſƽƌţŦ�ƃŦ¦ƃŦ�Ʒǀ�ţŦ�Â�®ǃŴǃƸ�ƿƙƭƼ�ƻǈ¦

��ķƨƃƘ�±¦
 lim f (x) lim ( a) ( )

( ) ( )x x

x a
→ − → −+ +

= + = − +
1 1

2 21  

 lim f (x) lim( x ) ( )
( ) ( )x x→ − → −− −

= + = − + = −
1 1

2 1 2 1 1 1  

��Ʒǉǀ®�ķƸ�°¦ƃƬ�Ʒǀ�âÂţƉƸ�¦°�ÁſƸ¡�ūƈ®�ƿŦ�°¦ſƭƸ�Â®�ǐţŸ
 ( )a − = −1 12  

�ķƩƽƸţƼ�ƿƍǉƹǀ� ( )a −1 2 ÀǃĪ��®ǃƌ�ķƹƼ�°¦ƃƬƃŦ�ūƬÂ�ĩǉǀ�ǐţŦ�âÂţƉŬ��ſƌ�ťŵƠ
 a ƃǈ®ţƭƸ�ƿƠǃƹŵƸ�Â�Ʒǈ®ǃŦ�°ţư�ƃƈ�ƿư�ƻǈ¦ �ƿƐǑż��®ǃƌ� −1ſƼ¦ǃŬ�ķƹƼ�Â�ūƈ¦

�ūƈ¦�ķǁŬ
æéëì �¦°�°ţư�ƻǈ¦�ŷǉŹƐƃǉƤ�ƃǈ®ţƭƸ�ţŦ��Ʒǈǃƌ�ķƸ�įǈ®ƅƼ�®ſƠ�įǈ�ƿŦ�ķŭƬÂ �é

�ūƈ¦� x∉] � x→ 12 ţǈ� x→2 ƷǉǈǃĴ�ķƸ�ķŭƬÂ�ÅǑűƸ��Ʒǉƽư�ķƸ

ũŧƈţŹƸ�â¦ƃŦ��Ʒǉŭƌ¦®� f x g x x

h x x
( )

( )

( )
=

∈
∉

⎧
⎨
⎩

]
]
ƳűƸ�ķơŦţŬ�ūƬÂ�ƃǀ�ƇĢ

�Ʒǉƽư�ķƸ�Á®ţƩŭƈ¦� h x( ) ũƙŦţƔ�±¦�� lim ( )f x
x a→

 limf ( ) limh( )
x a x a

x x
→ →

=  

:Ʒǉƽư�ķƸ�Á®ţƩŭƈ¦� 4 1x+ ±¦�Ʒǀ�ţŴ�ƻǈ¦�°®

 lim f ( ) limf ( ) ( ( ) ) ( ( ) )
x x

x x
→ →

+ = + + + = + =
2 1

2
4 2 1 4 1

2 1 9 3 12  

æéæéëéëéç

æéæéëêëêé

æéæéëëëëè

æéæéëìëìé

æéëí �ƃǈ®ţƭƸ �ţŦ �Ʒǀ �¼ţƩŬ¦ �ƻǈ¦ ��Ʒǈǃƌ�ķƸ �įǈ®ƅƼ �®ſƠ �įǈ �ƿŦ �ķŭƬÂ �è
��®ſƠ�ƃǀ�»ÂƁŹƸ�ķĵǈţƉƹǀ�°®�ÀǃĪ��ſǀ®�ķƸ�°�ţǈǃĴ �ƃǈ®ţƭƸ�ţŦ �Ʒǀ�Â�ĳƽĴ
ƳűƸ�ķơŦţŬ �ūƬÂ�ƃǀ�ƇĢ��®°¦®�®ǃŴÂ�ţǈǃĴ �®ſƠ�°ţƹƌ�ķŦ�Â �ĳƽĴ�®ſƠ�°ţƹƌ�ķŦ

��Ʒǉƽư�ƷĴ�¦°�ÀţƹǈţĢ�Â�ūƈ®�ƿư�À¡�ÀÂſŦ��Ʒǉŭƌ¦®� f x g x x

h x x
( )

( )

( )
=

∈
∉

⎧
⎨
⎩

_
_

 lim ( ) lim ( )g x h x
x a x a

=
→ →

ƿư�À¡�ƃĵƸ�®°¦ſƼ�ſŸ� a ƳűƸ�ƿƙƭƼ�ĩǉǀ�°®� f ƷǉǈǃĴ�ķƸ

�®°¦® �ſŸ � a ƳűƸ �â¦�ƿƙƭƼ �°® �Ɨƭƨ � f x( ) ƷǉǈǃĴ�ķƸ �Ʒǀ �¾¦śƈ �ƻǈ¦ �°® ��ſƌţŦ

â¦±¦ �ƿŦ �� a a a
2 1 3 1+ = − ķƽơǈ ��ſƌţŦ � lim( ) lim( )x x

xx a x a

2 1 3 1+ = −
→ →

ƿư

�®ǃƌ�ķƸ�ƻǉƸřŬ�� a =1â¦±¦�ƿŦ�Â�®ǃƌ�ķƹƼ�ƻǉƸřŬ�ƿŭƈ¦ǃż�ƻǈ¦�� a = 2

 1 1 3 1 1
1 22 + = − =( )  

. lim ( )f x
x

=
→

2
1

Â�ūƉǉƼ�®ǃŴǃƸ� lim ( )f x
x→ 2

ķƽơǈ

æéëî �¶ţƭƼ�À¡�°®� x2 2− ſŸ�Â� 1x ſŸ�ƿư�®°¦®�ſŸ�ķƘţƭƼ�°®�Ɨƭƨ� f ƟŦţŬ �é

�ţŦ�ƟƬ¦Â�°®��®°¦®�§¦ǃŴ�ƿƈ� x x
2 2 1− = ũƴ®ţơƸ�ķƨƃƘ�±¦��®ǃƌ�âÂţƉƸ�ƃĵǈſƱǈ�ţŦ

�ūŸ¦°�ķƵǉż�ƿư�Ʒǉƈ°�ķƸ� x x3 2 1 0− − = ƿŦ�� x °®�ƿƴ®ţơƸ�ƻǈ¦�ƻǉƨƃƘ�§ƃƔ
� x+1ƃŦ � x x3 2 1− − ƷǉƉƭŬ �ţŦ ��ūƈ¦ �À¡ �§¦ǃŴ �įǈ � x = −1Ʒǉƹǁƨ�ķƸ 
�®°¦® �ƿƍǈ° �Â® �Ʒǀ �©°ţŧƠ �ƻǈ¦ �Â �ſǈ¡�ķƸ �ūƈ® �ƿŦ � x x2 1− − ūƹƉƬ �«°ţż
¶ţƭƼ �¿°ǃƝƽƸ��®°¦® �ſŸ�ƿƙƭƼ �è�°®��¾¦śƈ�©°ǃƐ�°®�ƃƝƼ �®°ǃƸ �ƟŦţŬ �ƻǈ¦ƃŦţƽŦ

�ūƈ¦� x = ±1 5
2 Â x = −1

æéìå �ķĵǈţƉƹǀ�ĩǉǀ�°®� f ƟŦţŬ�ÀǃĪ��Ʒǈ°¦ſƼ�ſŸ� x = 3 Â� x = −2 °® �è
� 3 ūƈ¦°�ūƹƈ�Â� −2ġĪ�ūƹƈ��ƟƬ¦Â�°®��ūƈ¦�ÁſƍƼ�ƧǈƃơŬ�ţǀ�À¡�±¦�ķƨÂƁŹƸ 
�Ʒǀ�ţŦ�ƿƙƭƼ�ƻǈ¦�°®�ūƈ¦°�Â�ġĪ�ſŸ�ÀǃĪ��Ʒǈ°¦ſƼ�ſŸ� x = 0 °®��Ʒǈ°¦ſƼ�âƅǉĪ
�ƳƐţŸ�Ʒǀ� x =2 °®��� lim f (x)

x→ +
= −

0
1 Â� lim ( )f x

x→ −
=

0
3 ��ſƽŭƉǉƼ�âÂţƉƸ

�ƿƙƭƼ�é�ſƌ��¿ţƹŬ��Ʒǈ°¦ſƼ�ſŸ�ƿŵǉŭƼ�°®�Â�ūƉǉƼ��ķƭǉƭŸ�â®ſƠ��ķǀţƽŭƸ�ſŸ
æéìæ �ƿư�Ʒǉƽư�ūƬ®�¾Â¦��Ʒǉƍư�ķƸ�¦°� g °¦®ǃƹƼ��ƿƼ¦°ǃƉŴ�ķŭưƃŸ�°® �æ

 g x f x f x

f x
f x

f x
f x f x

( )
( ) | ( ) |

( ) f (x)
( )

( ) f (x)
( ) ( )

= − =

− = ≥

+ = <

⎧

2
2 0 0

2 0
⎨⎨
⎪

⎩
⎪

 

�ķƭƨ¦�ķƙż� g °¦®ǃƹƼ��ſƌţŦ�À¡�âÂ°�ţǈ�ţǀ x °ǃŹƸ�âǐţŦ� f °¦®ǃƹƼ�ţŴ�ƃǀ�ķƽơǈ
�Àţƹǀ� g °¦®ǃƹƼ��ſƌţŦ�ţǀ x °ǃŹƸ�ƻǉǈţĢ� f °¦®ǃƹƼ�ţŴ�ƃǀ�Â�ūƈţǀ x °ǃŹƸ�âÂ°

�ſǉƽǉŧŦ�¦°� g °¦®ǃƹƼ��ſƌ�ķơƔÂ�ťŵƠ��ūƈ¦� f °¦®ǃƹƼ

�Â� lim ( )g x
x

=
→ −

0
2

�ƟƬ¦Â�°®��®°¦ſƼ�ſŸ� x =2 °®�Ɨƭƨ� g �°¦®ǃƹƼ�ƿŦ�ƿŴǃŬ�ţŦ�ťż
�ſƼ¦�âÂţƉƸţƼ�ūƈ¦°�Â�ġĪ�ſŸ�ķƽơǈ�� lim ( )g x

x

= −
→ +

1
2
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æéìç �ƻǈ¦�Â�®ǃƌ�ķƸ�įǈ®ƅƼ� 3 ƿŦ� f x( ) � x→2 ķŭƬÂ�ſǈǃĴ�ķƸ�°¦®ǃƹƼ �ç
�ƇĢ�� f x( )→ −3 � x→2 ķŭƬÂ�ķƽơǈ��ſŭƨ¦�ķƸ�è�±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ�ţŦ�¼ţƩŬ¦

 lim [ ( )] [ ]f x
x

= =−

→
3 2

2
 

�ūƈ¦�ƫƵƙƸ�â®ſƠ�ƿƍǉƹǀ�ſŸ�ƳƐţŸ�ƿư�ſǉƽư�ūƬ®��[lim ( )]f x
x→2

®°ǃƸ�°®

�ƷǉǈǃĴ�ķƸ�Â
 lim ( ) [lim ( )] [ ]f x f x
x x

= ⇒ = =
→ →

3 3 3
2 2  

��®ǃƌ�ķƸ��¾¦śƈ�©°ǃƐ�°®�ƃƝƼ�®°ǃƸ�©°ţŧƠ�ƳƐţŸ�ƻǈ¦ƃŦţƽŦ
 2 3 1− = −  

æéìè ƃǈ®ţƭƸ�ţŦ�¼ţƩŬ¦�ƻǈ¦�Â�®ǃƌ�ķƸ�įǈ®ƅƼ� −2 ƿŦ� f x( ) � x→ +0 ķŭƬÂ �ç
ūƈ¦° �ķĵǈţƉƹǀ �°® ��ƟƬ¦Â �°® �� f x( ) ( )→ − +2 �ſǀ®�ķƸ �° � −2 ±¦ �ƃŭƍǉŦ

ƿŵǉŭƼ �°® � 1 1
2f x( )

< − ƷǉǈǃĵŦ �ƷǉƼ¦ǃŬ�ķƸ �Â �ūƈ¦ � f x( )> −2 � x = 0

��Ʒǈ°¦®�� x→ +0 ķŭƬÂ�ƿư�ūƈ¦�ƻǈ¦��Ʒǈſǉƹǁƨ�ƿư�âƅǉĪ�� 2 1
f x( )

< −

 2 1
f x( )

( )→ − −  
�ƇĢ

 lim [
( )
] [( ) ]

2 1 2
0 f xx

= − = −−

→ +  

æéìé �®ǃƌ�ķƸ�[ ]x =1 � x→ −2 ķŭƬÂ�Â�[ ]x =2 � x→ +2 ķŭƬÂ �æ
 lim ( ) lim( )[ ] ( )[ ]f x x a x a
x x

= + = + +

→ →+ +
2 2

2 2
 

= + = +( )( )2 2 4 2a a  

 lim ( ) lim( )[ ] ( )[ ]f x x a x a
x x

= + = + −

→ →− −
2 2

2 2
 

 = + = +( )( )2 1 2a a  
�ſƌţŦ� lim ( ) lim ( )f x f x

x x

− =
→ →+ −

3
2 2

ƿŭƩĴ�¾¦śƈ

 ( ) ( )4 2 2 3 1+ − + = ⇒ =a a a  
æéìê �ķƨƃƘ�±¦��ſƽƌţŦ�ƃŦ¦ƃŦ�Ʒǀ�ţŦ�Â�®ǃŴǃƸ� x =1°®�ūƈ¦°�Â�ġĪ�ſŸ�ſǈţŦ �ç

 limf (x) lim(a[ ] [ ]) [ ] [ ] ( )
x x

x x a a a
→ →

+ +
+ +

= + + = + = + = +
1 1

1 1 2 1 2 2  

 limf ( ) lim(a[ ] [ ]) [ ] [ ] ( )
x x

x x x a a
→ →

− −
− −

= + + = + = + =
1 1

1 1 2 0 1 1  

�ſƽƌţŦ�âÂţƉƸ�Ʒǀ�ţŦ�ƷǉŭƩĴ
 a a+ = ⇒ = −2 1 1  

æéìë �Ʒǈ°¦®�Â�2 1x→ − +( ) �� x→ − +( )
1
2 ķŭƬÂ �è

 lim([x] [ ]) [( ) ] [( ) ]

( )

+ = − + − = − − = −
→ −

+ +
+x

x
1
2

2 1
2 1 1 1 2  

�Ʒǈ°¦®�Â�2 1x→ − −( ) � x→ − −( )
1
2 ķŭƬÂ

 lim([ ] [ ]) [( ) ] [( ) ]

( )

x x

x

+ = − + − = − − = −− −

→ − −
2 1

2 1 1 2 3
1
2

 

. −5 ®ǃƌ�ķƸ��Â®�ƻǈ¦�ƟƹŴ�ƳƐţŸ

æéæéìçìçç

æéæéìèìèç

æéæéìéìéæ

æéæéìêìêç

æéæéìëìëè

æéìì ��ƇĢ�� π π π[ ]x

2
4
2 2→ = Â�[ ] [ ]x → =+4 4 � x→ +4 ķŭƬÂ �æ

 limf ( ) lim(x [ ] sin
[ ]
) sin

x x

x x
x

→ →+ +
= − + = − + =

4 4 02 4 4 2 0π πN  

�ƇĢ�� π π[ ]x

2
3
2→ Â�[ ] [ ]x → =−4 3 � x→ −4 �ķŭƬÂ

 limf ( ) lim(x [ ] sin
[ ]
) sin

x x

x x
x

→ →
−

− −
= − + = − + =

4 4
1

2 4 3 3
2 0π π

���
 

�®ǃƌ�ķƸ�ƃƩƐ�Ʒǀ�ţǀ�À¡�ƳƔţƩŬ�Â�ſƌ�ƃƩƐ��ſŸ�Â®�ƃǀ
æéìí �¦° �°ţư �ƻǈ¦ �ţƸ �ķƴÂ ��Ʒǉƽư �ÀţŹŭƸ¦ �¦° �ţǀ�ƿƽǈƅĴ �ƿư �ūƈ¦ �ƻǈ¦ �Á¦° �įǈ �è

�ſŸ�ƃŦ¦ƃŦ�Â®�� x k= ũƙƭƼ�°®� f x( )ġĪ�ſŸ�Ʒǉƽư�ķƸ�µƃƨ��µǃƠ�°®��Ʒǉƽư�ķƹƼ
À®ǃŦ�ŷǉŹƐ��Ʒǉƽư�ūƬ®�À¡�ƿŦ�ſǈţŦ�ƿư�âƅǉĪ�ƻǉƴÂ¦��ſƌţŦ�ƿƙƭƼ�ƻǈ¦�°®�À¡�ūƈ¦° 
�®ǃƌ�ķƹƼ�ŷǉŹƐ�ţǀ�ūư ¦ƃŦ�Ƴż¦®��ŷǉŹƐƃǉƤ�¶ţƭƼ�°®�ÀǃĪ�� k∈] �ūƈ¦� k
�âÂţƉƸ�Ʒǀ�ţŦ �ūƈ¦° �Â �ġĪ�ſŸ�� x0 ∉] ƃǀ�°®��ƟƬ¦Â �°®��Ʒǈ°¦ſƼ �ķƵƱƍƸ�Â
�â®ţǈ±�¾ǐſŭƈ¦�ƻǈ¦�Â�ƷǉƽǉŦ�ķƹƼ�ŷǉŹƐƃǉƤ�®ſƠ�Ʒǀ�ţǀ�ƿƽǈƅĴ�°®�ƿŭŧƴ¦��®ǃƌ�ķƸ

�Ʒǉǀ®�ƿƸ¦®¦� k ţŦ�¦°�ÀţƸ°ţư��®ǃŦ
ƿŵǉŭƼ�°®�Â�ūƈ¦� x k> �ūƴţŸ�ƻǈ¦�°®��[ ] [k ]x k→ =+ � x k→ +ķŭƬÂ

�Ʒǈ°¦®�Â� ( ) ( )− → − −x k ķƽơǈ�� − < −x k

 [ ] [( ) ] ( )− → − = − −−x k k 1  

 lim ( ) ( )f x k k k
x k

= + − − = −
→ +

4 3 1 3 ���ƻǈ¦ƃŦţƽŦ

�°® �Â �ūƈ¦ � x k< �ūƴţŸ �ƻǈ¦ �°® ��[ ] [k ]x k→ = −− 1� x k→ −ķŭƬÂ
�Ʒǈ°¦®�Â� ( ) ( )− → − +x k ķƽơǈ�� − > −x k ƿŵǉŭƼ

 [ ] [( ) ]− → − = −+x k k  
 limf ( ) ( ) ( )
x k

x k k k
→ −

= − + − = −4 1 3 4 ���ƻǈ¦ƃŦţƽŦ

�ſƌţŦ�ūƈ¦°�ſŸ�ƃŦ¦ƃŦ�ç�ġĪ�ſŸ�ſǀ¦ǃż�ķƸ�¾¦śƈ
 k k k k k− = − ⇒ − = − ⇒ =4 2 3 4 2 6 2( )  

æéìî °¦®ǃƹƼ �Ʒǀ �ƻǈ¦ ��[ ] [ ]x x
x

x
+ − =

∈
− ∉

⎧
⎨
⎩

0
1

]
]
ƿư �ūƉǀ �ÀţƸ®ţǈ �è

: f x( )

�ƷǉƩƈřŭƸ�¿ǃƈ�ũƽǈƅĴ�â¦ƃŦ�ƇĢ��ūƈ¦� −1âÂţƉƸ�À¡�ſŸ�Â�®°¦®�ſŸ�¶ţƭƼ�ũƹǀ�°®� f ƟŦţŬ
æéíå �ţǀ�ƿƽǈƅĴ�ķƈ°ƃŦ  é

�ĩǉǀ �ƟƬ¦Â �°® �Â �®ǃƌ�ķƸ �ķƩƽƸ � x = 0»¦ƃƘ¦ � | | (x )x −2 �ūƉǉƼ �®ǃŴǃƸ ��æ

�Áſƌ �ƧǈƃơŬ �À¡ �°® � | | ( )x x−2 ƿư �Ʒǈ°¦ſƼ � x = 0 ±¦ �ķƨÂƁŹƸ �ķĵǈţƉƹǀ
�ſƌţŦ

�ūƹƈ�ƿŦ�À¡�«ƃŽƸ�Â�æ�ūƹƈ�ƿŦ�ƃƉư�©°ǃƐ�� x→1ķŭƬÂ��ūƉǉƼ�®ǃŴǃƸ��ç
��®ǃƍƼ�ķǀţƽŭƸ��ſŸ�ƳƐţŸ�ƿư�ſǉǀſŦ�ƫŸ�ƇĢ��ſƽư�ķƸ�ƳǉƸ�ƃƩƐ

æéæéììììæ

æéæéìíìíè

æéæéìîìîè

æéæéíåíåé
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 x <2 ƃĴ ¦�ÀǃĪ��Ʒǈ°ǃż�ķƸƃŦ�ƳƱƍƸ�ƿŦ� x→ −2 ūƴţŸ�°®��ūƉǉƼ�®ǃŴǃƸ��è

±¦�ķƨÂƁŹƸ�ķĵǈţƉƹǀ�ĩǉǀ�ƟƬ¦Â�°®��®ǃŦ�ſǀ¦ǃż�ÁſƍƼ�ƧǈƃơŬ� x−2 �ſƌţŦ

�ſƌţŦ�Áſƌ�ƧǈƃơŬ�À¡�°®� x−2 ƿư�Ʒǈ°¦ſƼ� x =2
�ƃƩƐ�®ǃƌ�ķƸ�Ʒǀ�ſŸ�ƳƐţŸ��ƿƸÂ°¡�ķĪ�ƿƹǀ��é

æéíæ �ţǀ�ƿƽǈƅĴ�ķƈ°ƃŦ  è
�ţŦ �ƿƍǉƹǀ �¼ţƩŬ¦ �ƻǈ¦ ��Ʒǈǃƌ�ķƸ �įǈ®ƅƼ � a ƳűƸ �â®ſƠ �ƿŦ �ķŭƬÂ ��®°¦® �ſŸ ��æ
lim ( )f x
x

=
→

2
1 ���ƇĢ��ſŭƨ¦�ķƸ�ŷǉŹƐ�ƃǉƤ�ƃǈ®ţƭƸ

sin sin
π π
2 2 1x→ = ��ƇĢ� π π

2 2x→ � x→1ķŭƬÂ��®°¦®�ſŸ��ç

�ţŦ � sin π
2 x � x→1ķŭƬÂ �ƷǉǈǃĵŦ �ƷǉƼ¦ǃŬ�ķƸ �ƇĢ � − ≤ ≤1 1sin x ƿƍǉƹǀ

�ƻǈ¦ƃŦţƽŦ�� sin π
2 1x→ − �®ǃƌ�ķƸ�įǈ®ƅƼ�À¡�ƿŦ�æ�±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ

 lim ( ) [ ]f x
x

= =−

→
1 0

1
 

�°®�Â�ķƩƽƸ� ( ) ( )x x− −1 32 � x =1»ÂƁŹƸ�ķĵǈţƉƹǀ�ƃǀ�°®��®°¦ſƼ�ſŸ��è

�ūƈ¦�ÁſƍƼ�ƧǈƃơŬ� ( ) ( )x x− −1 326 ƿŵǉŭƼ

.1®ǃƌ�ķƸ�Ʒǀ�À¡�ſŸ��®°¦®�ſŸ��é
æéíç ��Ʒǉƽư�įĪ�¦°�ƟŦţŬ�ũƽƸ¦®�¾Â¦�ſǉƭƨ¦ǃƸ �é

 [ ] [ ]x x x− = ⇒ = ⇒ ≤ <2 0 2 2 3  
 x =2 ±¦ �ķƨÂƁŹƸ �ķĵǈţƉƹǀ �ĩǉǀ �°® �ķƽơǈ ��ūƈ¦ �\−[ , )2 3 �ƟŦţŬ �ũƽƸ¦®
�®°¦ſƼ�ſŸ� x =2 °®� f x( )ƇĢ���®°¦®�ƳƱƍƸ�ç�ūƈ¦°�ūƹƈ��ÁſƍƼ�ƧǈƃơŬ

æéíè �Â �ġĪ �ſŸ �ſǈţŦ ��ſƽư�ķƸ �ŷǉŹƐ �¦° �ţǀ�ūư ¦ƃŦ �Ƴż¦® � x = 6 ÀǃĪ �é
�Ʒǉƽư�ķƈ°ƃŦ�ƿƼţĴ ¦ſŴ�¦°�ūƈ¦°

 lim ( ) lim([ ] [ ]) [ ] [ ]f x
x x

x x

= + = + = + =+ +

→ →+ +2 3 3 2 3 2 5
6 6

 

 lim ( ) lim([ ] [ ]) [ ] [ ]f x
x x

x x

= + = + = + =− −

→ →− −2 3 3 2 2 1 3
6 6

 

. 5 3 8+ = ®ǃƌ�ķƸ��Â®�ƻǈ¦�ƟƹŴ�ƳƐţŸ
æéíé �À®ƃư�²ǃƱơƸ�ţŦ�Â�ūƈ¦� x < − 1

10 ƟƬ¦Â�°®�� x→ − −( )
1
10 ķŭƬÂ �è

�ƇĢ�� 1 10
x

→ − +( ) ķƽơǈ��Ʒǉƈ°�ķƸ� 1 10x > − ƿŦ��ƻǉƨƃƘ

 lim [ ] [( ) ]

( )

1 10 10
1
10

x
x

= − = −+

→ − −
 

æéíê ��®ǃƌ�ķƸ� x2 1
9< Â�ūƈ¦� x > − 1

3 ƟƬ¦Â�°®�� x→ − +( )
1
3 ķŭƬÂ �è

�ķƽơǈ�� − < −1 92x
ƿŵǉŭƼ�°®�Â� 1 92x

> ƇĢ

 
lim [ ] [( ) ]

( )

− = − = −−

→ − +

1 9 102
1
3

x
x

 

æéæéíæíæè

æéæéíçíçé

ææéæéíèíèé

æéæéíéíéè

æéæéíêíêè

æéíë �ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�� x→ −( )
1
4 ķŭƬÂ �æ

 0 1
4

1 4 2 8 2 8< < ⇒ > ⇒ > ⇒ − < −x x x x  
�Ʒǈ°¦®�Â� − → − −2 8

x
( ) ķƽơǈ

 lim [ ] [( ) ]

( )

− = − = −−

→ −

2 8 9
1
4

x
x

 

�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�� x→ − +( )
1
3 ķŭƬÂ

 − < < ⎯ →⎯⎯ > −× −1
3 0 2 66
x x

( )  
�Ʒǈ°¦®�Â� − → −6 2x ķƽơǈ

 lim [ ] [ ]

( )

− = =−

→ − +
6 2 1
1
3

x

x
 

 − − = −9 1 10 ���ſǀ¦ǃż�ķƸ�¦°�ţǀ�ƻǈ¦�ƳƔţƩŬ��¾¦śƈ
æéíì �ƷǉƉǈǃƽŦ�ƃǈ±�©°ǃƐ�ƿŦ�ƷǉƼ¦ǃŬ�ķƸ�¦°�ƟŦţŬ�ũƙŦţƔ �ç

 f x x x x x( ) ( ) (( ) ) ( )= − − − = − − − = − − +2 2 22 1 1 2 1 2  
�ƷǉƍƱŦ�Ɵǈƃƈ�ķƵǉż�¦°�À¡�°¦®ǃƹƼ�ƷǉƼ¦ǃŬ�ķƸ�ķŭŸ

 
f x( )y x= − −( )1 2y x= −( )1 2

�ƟƬ¦Â�°®��2 ±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ�ţŦ�Ʒǀ�À¡��®ǃƌ�ķƸ�įǈ®ƅƼ�ç�ƿŦ� f x( ) � x→1ķŭƬÂ

 lim[ ( )] [ ]f x
x

= =−

→
2 1

1
 ��ƇĢ�� f x( )→ −2

�ūƈ¦�ƫƵƙƸ�ſŸ�ƳƐţŸ�ƿư�Ʒǉƽư�ūƬ®��[lim ( )]f x
x→1

®°ǃƸ�°®
 lim ( ) [lim ( )] [ ]f x f x
x x

= ⇒ = =
→ →

2 2 2
1 1  

æéíí x2 0→ + �ūƈ¦°�ūƹƈ�±¦�ƿĪ�Â�ġĪ�ūƹƈ�±¦�ƿĪ�� x→ 0ķŭƬÂ �ç
��ƇĢ

 lim [ ] [ ] [ ]
1
1

1 0
1 0

1
1

2
20

−
+

= −
+

=
+

+

−

+→

x

xx
 

�®ǃƌ�ķƸ�1±¦�ƃŬ�įĪǃư�1
1

−

+ ƇĢ��ūƈ¦�1±¦�ƃŬ�á°ƅŦ�1
+ Â�1±¦�ƃŬ�įĪǃư�1−

 [ ] [ ]
1
1

1 0
−

+
−= =  

æéíî �ţŦ�ƷǉƽǉŧŦ�ſǈţŦ�ţƸ¦��®Â°�ķƸ�ê�ūƹƈ�ƿŦ�ūư ¦ƃŦ�Ƴż¦®�� x→ +2 ķŭƬÂ �è
�â¦ƃŦ�§ǃż�Á¦°�įǈ�� 5 ±¦�ƃŭƍǉŦ�ƃǈ®ţƭƸ�ţŦ�ţǈ�ſŭƨ¦�ķƸ�¼ţƩŬ¦�ƻǈ¦�ê�±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ
�ūƈ¦�À¡�įǉƱƩŬ�Â�ƃƉư�©°ǃƐ�°®�«ƃŽƸ�À®ƃư�ƃǀţƜ��¸ǃƔǃƸ�ƻǈ¦�Àſǉƹǁƨ

 [ ] [
( )

] [ ] [ ]
2 3

1
2 1 5

1 2 5
1 2 5

1
x

x

x

x x x

+
− = − +

− = + − = + −  

�ƿŵǉŭƼ�°®�Â� 5
1

5
1

5x− → =+
− � x→ +2 ķŭƬÂ

 lim [ ] [ ]
2 3

1 2 5 2 4 6
2

x

x
x

+
− = + = + =−

→ +
 

æéæéíëíëæ

æéæéíìíìç

ææéæéííííç

æéæéíîíîè
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æéîå ��®ǃƌ�įǉƱƩŬ�ƃƉư�ţŬ�Ʒǉƽư�ƃǀţƜ�À¡�©°ǃƐ�°®�¦°�ƃƉư�«ƃŽƸ�ƿư�ƻǈ¦ �æ
�ūƈ¦�ķŦǃż�°ţư�ķƵǉż

 f x x

x

x

x x x
( ) [ ] [

( )
] [ ] [ ]= +

+
= + −

+
= −

+
= + −

+
4 3

1
4 1 1

1
4 1

1
4 1

1

2
2

2

2 2 2  

 . 0 1
1

12<
+

≤
x

ƿŵǉŭƼ�°®�Â� x2 1 1+ ≥ ƇĢ� x2 0≥ ƿƍǉƹǀ

 [ ] ( ) ( )
−

+
= − ⇒ = + − =1

1
1 4 1 32x

f x ��Ʒǈ°¦®�Â� − ≤ −
+

<1 1
1

02x
ƇĢ

�®°¦®�ſŸ�¶ţƭƼ�ũƹǀ�°®�Â�ſƸ¡�°®�§¡�±¦�ūŦţŰ� f ƟŦţŬ��ķƔÂ�ƿǈ�ƻƐ¦
æéîæ �Á®ţƩŭƈ¦ �� x <1ƿŦ �¶ǃŦƃƸ� �ķǈǐţŦ �ũƙŦţƔ�±¦ �ſǈţŦ �� x→ −1 ķŭƬÂ �æ

 f x x( )= ���Ʒǉƽư

 [ ( )
( )

] [
( )

( ) ( )
] [

( ) ( )
]

f x

f x

f x

f x f x f x f x

+ = + = +1 1 1 1
2 2 2 2  

 = + = +[
( )

] [ ]
1 1 1 1

2x x x x
 

�ƷǈƃǉĴ�ķƸ�ſŸ�ǐţŸ
 lim [ ] [ ] [ ] [ ]

1 1 1
1

1
1

1 1 2 2
1 x x

x

+ = + = + = =− −
+ + +

→ −
 

æéîç �ƃǀ��®°¦®�°¦ƃƬ�ķŬţűƵűƸ�Ũƃǈ¦®�±¦�ƿǉŸţƼ�¿¦ſư�°®�Àţǈ®¦°�ç�ƷǉƽǉŧŦ�¾Â¦ �æ
�°®�ƿư�®ǃƌ�ķƸ�ƿŴ°®�ææé�ÅţŧǈƃƭŬ�Àţǈ®¦°�ç�ƇĢ��ūƈ¦�ƿŴ°®�êì�ÅţŧǈƃƭŬ�Àţǈ®¦°
 π � 3 14/ �ƷǉǈǃĵŦ �ƷǉŭƉƼ¦ǃŬ�ķƸ �Ʒǀ�ƃĵǈ® �°ǃŴ�įǈ��®ƃǉĴ�ķƸ �°¦ƃƬ �¿Â® �ũǉŸţƼ
�ƻǈ¦�ţŦ��¿Â®�ũǉŸţƼ�Àţƹǀ�ķƽơǈ��®ƃǉĴ�ķƸ�°¦ƃƬ�Àţǈ®¦°� π Â� π2 ƻǉŦ�Àţǈ®¦°�ç�ƇĢ
À¡�ŷǉŹƐ� ƅŴ�Â� − < <1 0cosx �ūƈ¦�ķƩƽƸ� cosx � x→2 ķŭƬÂ��§ţƉŸ

 lim [cos ]x
x

= −
→

1
2 ���®ǃƌ�ķƸ� −1

æéîè ƿƍǉƹǀ�ţƸ¦ ��ſƽư�ķƸ�ƳǉƸ � cosπ = −1ƿŦ � cosx � x→ πķŭƬÂ �è
�ţŦ � cosx � x→ +π Â � x→ −π ūƴţŸ �Â® �ƃǀ �°® �ƇĢ � − ≤ ≤1 1cosx

�ķƽơǈ�� cos ( )x→ − +1 �ſƽư�ķƸ�ƳǉƸ�À¡�ƿŦ� −1±¦�ƃŭƍǉŦ�ƃǈ®ţƭƸ
 − < ⇒ < − ⇒ → − −1 1 1 1 1cos

cos cos
( )x

x x
 

 lim [
cos

] [( ) ]
1 1 2
x

x

= − = −−

→π
 �ƇĢ

æéîé ��©°ǃƐ�ƻǈ¦�°®��ſƽư�ķƸ�ƳǉƸ� π π
6 6+

−= ( ) ƿŦ� πx � x→ +6 ķŭƬÂ �ç

�ƷǉƽǉŧŦ�ſǈţŦ��®Â°�ķƸ� 4 6 4 1
2 12 2sin ( )

π = = »ƃƘ�ƿŦ�ŷǉŹƐ� ƅŴ�Ƴż¦®�©°ţŧƠ

 .æ�±¦�ƃŭƍǉŦ�ƃǈ®ţƭƸ�ţŦ�ţǈ�®Â°�ķƸ�À¡�ūƹƈ�ƿŦ�æ�±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ�ţŦ��©°ţŧƠ�ƻǈ¦
�ţŦ �ķƽơǈ ��ūƈ¦ �ſǉư ¦ �â®ǃơƐ��ķŬţűƵűƸ �Ũƃǈ¦® �¾Â¦ �ũǉŸţƼ �°® � y x= sin °¦®ǃƹƼ

�®ǃƌ�ķƸ�®ţǈ±�Ʒǀ� sin x °¦ſƭƸ�� xƋǈ¦ƅƨ¦
�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ��ƷǉǁŴ¦ǃƸ� π π

x
→ −( )6 ţŦ�ķŭƬÂ�ƇĢ

 π π π π π
x x x

< ⇒ < ⇒ <6 6
1
2sin sin sin  

 ç�À¦ǃŬ�ƿŦ�¦°�»ƃƘ�Â®�ūŸ¦°�¾ţǉż�ţŦ�ƷǉƼ¦ǃŬ�ķƸ�� sin π
x
À®ǃŦ�ūŧűƸ�ƿŦ�ƿŴǃŬ�ţŦ

 sin sin2 21
4 4 1π π

x x
< ⇒ <  �ƷǉƼţƈƃŦ

 lim[ sin ] [ ]4 1 0
6

2
x

x→

−
+

= =π  : 4 12sin
π
x

→ − � x→ +6 ķŭƬÂ�ķƽơǈ
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æéæéîçîçæ

æéæéîèîèè

æéæéîéîéç

æéîê  è
 2 2 4 2 2 2

2 2cos
π = × = ūƹƈ�ƿŦ�ŷǉŹƐ� ƅŴ�Ƴż¦®�� x→ π

8 ķŭƬÂ
�À¡�ūƹƈ�ƿŦ�ç�±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ�ţŦ��ŷǉŹƐ� ƅŴ�Ƴż¦®�©°ţŧƠ�ƷǉƽǉŧŦ�ſǈţŦ��®Â°�ķƸ

 .ç�±¦�ƃŭƍǉŦ�ƃǈ®ţƭƸ�ţŦ�ţǈ�®Â°�ķƸ
°¦ſƭƸ�� xƋǈ¦ƅƨ¦�ţŦ�ķƽơǈ��ūƈ¦�ſǉư ¦�ķƴÂƅƼ�¾Â¦�ũǉŸţƼ�°®� y x= cos °¦®ǃƹƼ

ķŭƬÂ�Â� cos cosx > =π
4

2
2 � 0 4< <x π ķŭƬÂ�ƇĢ��®ǃƌ�ķƸ�Ʒư� cosx

�ķƽơǈ�� cos cosx < =π
4

2
2 �

π π
4 2< <x

 limf (x) lim[ cos ] [ ( ) ] [ ]

x ( ) ( )→ →

− −
+ +

= = = =
π π
8 8

2 2 2 2 2 2
2 2 1

x

x  

limf (x) lim[ cos ] [ ( ) ] [ ]

x ( ) ( )→ →

+ +
− −

= = = =
π π
8 8

2 2 2 2 2 2
2 2 2

x

x  

.1 2 3+ = ®ǃƌ�ķƸ��Â®�ƻǈ¦�ƟƹŴ�ƳƐţŸ
æéîë �ſƌ�ķƸ�ƃŬ�Á®ţƈ��ŷǉŹƐ� ƅŴ�Ƴż¦®�©°ţŧƠ�³ţư�â¦ �æ

�ƇĢ�� sin sin cos2 2α α α= Â�1 2 2 2+ =cos cosα α ÅǑư�ťż

 1
2 2

2 2 2

2

2
2

2
+ = = =cos

sin

cos

sin cos

cos

sin
cot

x

x

x

x x

x

x

x  

 cot π4 1= ƿŦ� cot x2 � x→ π
2 ķŭƬÂ�� f x

x
( ) [cot ]= 2 Ʒǈſǉƹǁƨ��Ʒǈſƌ�ūŸ¦°

�ƃǈ®ţƭƸ�ţŦ�ţǈ�ſǀ®�ķƸ�°�1±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ�ţŦ�¼ţƩŬ¦�ƻǈ¦�ƷǉƽǉŧŦ�ſǈţŦ�ǐţŸ��ſƽư�ķƸ�ƳǉƸ
�Á±ţŦ �À¡�°®��ſƌţŦ�Áſƌ�ƧǈƃơŬ�â¦�Á±ţŦ �ƃǀ�°®� y x= cot ƟŦţŬ�ťż��1±¦ �ƃŭƍǉŦ

�ķƽơǈ��ūƈ¦�ſǉư ¦�ķƴÂƅƼ
 x x> ⇒ <π π

4 4
1

cot cot
N

 
�ƇĢ

 limf (x) lim[cot ] [cot( ) ] [ ]

( ) ( )x x

x

→ →

+ −
+ +

= = = =
π π

π

2 2
2 4 1 0  

æéîì �ƷǈſƵŦ�¦°�ţǀ°ţư�ƻǈ¦��©ţűƵűƸ�±¦ �æ

 2 2 2
2

2
2

4 4

(sin cos ) ( sin cos )

cos sin

x x x x− = −

π π
N N

 

 = − = −2 4 4 2 4(sin cos cos sin ) sin( )x x x
π π π  

ƿŦ � sin(x )− π
4 ƿŵǉŭƼ �°® �Â � ( ) ( )x− → +π π

4 2 � x→ +( )
3
4
π ķŭƬÂ

�ƷǉǈǃĴ�ķƸ �ƿư �ƻǈ¦ �ƇĢ � − ≤ ≤1 1sin x ƿƍǉƹǀ ��ſƽư�ķƸ �ƳǉƸ � sin π
2 1=

�ūƈ¦�1±¦�ƃŬ�Ʒư�ƃǈ®ţƭƸ�ţŦ�ÀţƸ°ǃƝƽƸ��ſƽư�ķƸ�ƳǉƸ�1ƿŦ�²ǃƽǉƈ
 sin( )x− → −π

4 1  
�ƟƬ¦Â�°®

 lim[ (sin cos )] lim[ sin( )]

x ( ) ( )

2 2 43
4 2→ →+ +

− = −
π π

π
x x x

x

 

 = = =− −[ ( )] [ ]2 1 2 1  
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æéîí �ƿư�ūƉǀ�ÀţƸ®ţǈ�©ţűƵűƸ�±¦ �è

 tan cot
sin

cos

cos

sin

sin cos

sin cos
x x

x

x

x

x

x x

x x
+ = + = +2 2

 

 = =1
1
2 2

2
2

sin
sin

x
x

 

. sin2 1x→ − ƷǉƉǈǃƼ�ķƸ�ƿŵǉŭƼ �°® �Â �2 3
2x→ π Ʒǈ°¦® �� x→ 3

4
π ķŭƬÂ 

��ſƽư�ķƸ �ƳǉƸ � −1ƿŦ � sin2x ƷǉǈǃĴ�ķƸ �ķŭƬÂ �ƇĢ  − ≤ ≤1 1sinα ƿƍǉƹǀ

 sin ( )2 1x→ − + ���ūƈ¦� −1±¦�ƃŭƍǉŦ�ƃǈ®ţƭƸ�ţŦ�ÀţƸ°ǃƝƽƸ

 − < ⇒ < − ⇒ < −1 2 1
2 1 2

2 2sin
sin sin

x
x x

���ǐţŸ

 ⇒ → − −2
2 2

sin x
( )  

��ƻǈ¦ƃŦţƽŦ
 lim[tan cot ] lim [

sin
] [( ) ]

x x

x x
x

→ →

−+ = = − = −
3
4

3
4

2
2 2 3

π π
 

æéîî � x→ +( )
π
3 ķŭƬÂ ��Ʒǉƽư �¿ǃƵơƸ �¦° �[sin( )]x− π

3 ƧǉƵƱŬ �¾Â¦ �è

ķŭƬÂ �ţƸ¦ ��ƃƩƐ ®ǃƌ�ķƸ À¡ ŷǉŹƐ � ƅŴ ƿư � sin( ) sinx− → =+ +π
3 0 0 Â �

. −1®ǃƌ�ķƸ �À¡ �ŷǉŹƐ � ƅŴ �ƿư � sin( ) sinx− → =− −π
3 0 0 � x→ −( )

π
3

�²ǃƽǉƈ�ƿǉŸţƼ�À¡�°®�Â�ūƈ¦�¿°ţǁĪ�ƟŦ°�°®�ķƼţƹư�²ǃƽǉƈ� sin0− ƿư�ſǉƽư�ūƬ®
�¦° �[tan ]2 x ƧǉƵƱŬ �ǐţŸ �� sin0 0− −= ƷǉŭƩĴ ��ƃƘţż �ƻǉƹǀ �ƿŦ ��ūƈ¦ �ķƩƽƸ
�ſǉư ¦�â®ǃơƐ�Á±ţŦ�À¡�°®��ſƌţŦ�Áſƌ�ƧǈƃơŬ�â¦�Á±ţŦ�ƃǀ�°®��ūƼ¦ĭƼţŬ��Ʒǉƽư�¿ǃƵơƸ

�ƇĢ��®°¦®�â®ǃơƐ�ſƼÂ°� ( , )0 2
π Ũ±ţŦ�°®� tan x ÅǑűƸ��ūƈ¦

 x x x x→ > ⇒ > ⇒ >+( ) : tan tan tan
π π π
3 3 3 3  

 ⇒ > ⇒ = =+tan [tan ] [ ]2 23 3 3x x  

  x x x x→ < ⇒ < ⇒ <−( ) : tan tan
π π
3 3 3 32  

⇒ = =−[tan ] [ ]2 3 2x  

�Ʒǈ°¦®�� f x x x x( ) [sin( )]cos [tan ]= − +π
3 3 2 ®°ǃƸ�°®�ǐţŸ

 limf (x) ( cos )

( )x→ +
= × + =

π
π

3

0 3 3  

 limf (x) ( cos ) ( )( )

( )x→ −
= − × + = − − + =

π
π

3

1 2 1 1 2 3  

 limf ( )
x

x

→
=

π
3

3  ��ƇĢ��ſƼſƌ�è�Â®�ƃǀ��ūƈ¦°�Â�ġĪ�ſŸ

æêåå Â� x2 2→ π � x→ πķŭƬÂ��Ʒǉƽư�¿ǃƵơƸ�¦° �[cos ]
x

2 ƧǉƵƱŬ�¾Â¦ �æ

 . x2 2→ −( )
π ÁţĴ�À¡ �� x→ −π ƃĴ ¦ ��ſƽư�ķƸ �ƳǉƸ � cos π

2 0= ƿŦ � cos x2
�ūƈ¦�ūŧűƸ�²ǃƽǉƉư�ƿư�ķǈţŴ��®ƃǉĴ�ķƸ�°¦ƃƬ�¾Â¦�ũǉŸţƼ�°®�Àţƹư�ķƽơǈ

 lim[cos ] [ ]
x

x

→

+
−

= =
π 2 0 0  
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��®ƃǉĴ�ķƸ�°¦ƃƬ �¿Â® �ũǉŸţƼ �°® �Àţƹư �ķƽơǈ �� x2 2→ +( )
π ÁţĴ�À¡ �� x→ +π ƃĴ ¦

�ūƈ¦�ķƩƽƸ�²ǃƽǉƉư�ƿư�ķǈţŴ
 lim[cos ] [ ]
x

x

→

−
+

= = −
π 2 0 1  

 sin2 0x = ƿŦ � sin2x Â �2 2x→ π � x→ πķŭƬÂ��[sin ]2x ¹¦ƃƈ�ƷǈÂƃŦ

�¿°ţǁĪ�ũǉŸţƼ�°®�Àţƹư�ķƽơǈ��2 2x→ −( )π ÁţĴ�À¡�� x→ −π ƃĴ ¦��ſƽư�ķƸ�ƳǉƸ
�ūƈ¦�ķƩƽƸ�²ǃƽǉƈ�ƿư�ķǈţŴ��®ƃǉĴ�ķƸ�°¦ƃƬ

 lim[sin ] [ ]
x

x
→

−
−

= = −
π

2 0 1  

��®ƃǉĴ�ķƸ�°¦ƃƬ�¾Â¦�ũǉŸţƼ�°®�Àţƹư�ķƽơǈ��2 2x→ +( )π ÁţĴ�À¡�� x→ +π ƃĴ ¦
�ūƈ¦�ūŧűƸ�²ǃƽǉƈ�ƿư�ķǈţŴ

 lim[sin ] [ ]
x

x
→

+
+

= =
π

2 0 0  

�ƷǉǈǃĵŦ�ƷǉƼ¦ǃŬ�ķƸ�� f x x x
x x( ) sin [cos ] cos [sin ]= −2 2 2 ®°ǃƸ�°®�ǐţŸ

 lim f ( ) (sin )( ) (cos )( )
x

x
→ −

= − − = − = −
π

π π2 0 1 0 1 1  

 lim f ( ) (sin )( ) (cos )( )
x

x
→ +

= − − = − − = −
π

π π2 1 0 1 0 1  

�ƇĢ��ſƼſƌ� −1Â®�ƃǀ��ūƈ¦°�Â�ġĪ�ſŸ
 lim ( )f x
x→

= −
π

1  

æêåæ �ƿŦ �ƿŴǃŬ �ţŦ �©°ǃƐ �ƻǈ¦ �°® ��ſƌţŦ � lim ( )
x

f x L
→

=
1

Ʒǉƽư �µƃƨ �è
�Ʒǈ°¦®��ſŸ�¿ƃŭŹƸ�âţǀ�ƿǉƕƬ

 lim ( )

(x)

lim ( )

lim ( )x

x

x

f x

f

f x

f x

L

L→

→

→

−
+ = ⇒

−

+ = ⇒ −
+ =

1
1

1

2 1
1 1

2 1

1 1 2 1
1 11  

 ⇒ − = + ⇒ =2 1 1 2L L L  
��ķƽơǈ

lim ( )
x

f x
→

=
1

2  
æêåç �Ʒǈ°¦®�¦°�ƃǈ±�¾ÂſŴ�ķƵư�°ǃƘ�ƿŦ �è

�ƃǀ� g Â� f
�ſƬţƨ� a °®�Â®
�ſƽŭƉǀ��ſŸ

 a °®� g
Â�ſŸ�â¦°¦®
�ſƬţƨ� a °®� f
�ūƈ¦�ſŸ

 a °®� f
Â�ſŸ�â¦°¦®
�ſƬţƨ� a °®� g
�ūƈ¦�ſŸ

 g Â� f
 a °®
�ſŸ�â¦°¦®
��ſƽŭƉǀ

ūǉơƔÂ
ƟŦţŬ

�ūƉǉƼ�¿ǃƵơƸ�®°¦ſƼ�ſŸ�®°¦ſƼ�ſŸ�®°¦®�ſŸf g+
�ūƉǉƼ�¿ǃƵơƸ�®°¦ſƼ�ſŸ�®°¦ſƼ�ſŸ�®°¦®�ſŸf g−
�ūƉǉƼ�¿ǃƵơƸ�ūƉǉƼ�¿ǃƵơƸ�ūƉǉƼ�¿ǃƵơƸ�®°¦®�ſŸf g×

�ūƉǉƼ�¿ǃƵơƸ�®°¦ſƼ�ſŸ�ūƉǉƼ�¿ǃƵơƸ�®°¦®�ſŸf

g
g x

x a
, lim ( )

→
≠0

�ūƉǉƼ�¿ǃƵơƸ�ūƉǉƼ�¿ǃƵơƸ�®°¦ſƼ�ſŸ�®°¦®�ſŸg

f
f x

x a
, lim ( )

→
≠0
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